We give a construction of the moduli space M0,n R of genus zero super Riemann surfaces with nR ≥ 4 Ramond punctures as a Deligne-Mumford stack of dimension nR − 3|nR/2 − 2. This work is a continuation of work done by Edward Witten in [Wit12a], [Wit15] wherein the underlying manifold (M0,n R ) red of dimension nR − 3|0 is described.
Introduction
The present paper gives a construction of the moduli space M 0,nR of genus zero super Riemann surfaces with n R ≥ 4 Ramond punctures as a Deligne-Mumford stack of dimension n R −3|n R /2−2. The background material on super Riemann surfaces is taken primarily from [FK14] , while the material relating to Ramond punctures can be found in [Wit12b; Wit15] .
In section 3, we give an account of the moduli theory of genus zero supercurves. In section 4 we deal with the automorphism group of the weighted superprojective space WP 1|1 (1, 1|1 − n R /2) and show that it is represented by a supergroup scheme of dimension 4|n R + 2. In section 5, we give a construction of M 0,nR as a Deligne-Mumford stack of dimension n R − 3|n R /2 − 2.
We will generally use Σ to denote a family of super Riemann surfaces with Ramond punctures and X to denote its underlying supercurves. The distribution D on Σ will be referred to as a superconformal structure. M g,nR+nNS will denote the moduli space of genus g super Riemann surfaces with n R Ramond punctures and n N S Neveu-Schwarz punctures.
Background
In this section we recall basic definitions from the theory of super Riemann surfaces.
Definition 1. A family of super Riemann surfaces Σ over a superscheme T is a smooth, proper morphism π : X → T of superschemes of relative dimension (1|1) with a maximally nonintegrable rank (0|1) locally free subsheaf D ⊆ T X/T such that supercommutator of vector fields gives an isomorphism
(1)
If we set T = Spec C, then Σ is locally isomorphic to C 1|1 , and therefore can be described using coordinates (z, θ) . For a suitable choice of coordinates, the superconformal structure D on Σ is generated by the vector field
(2)
The vector field D θ is in fact the unique superconformal structure on C 1|1 [FK14] . The maximal nonintegrability condition in 1 then rewrites as
On a super Riemann surface we consider two types punctures, called Neveu-Schwarz punctures (n N S ) and Ramond punctures (n R ).
Definition 2. A family of super Riemann surfaces Σ with n R Ramond punctures over a superscheme T is a smooth, proper morphism π : X → T of superschemes of relative dimension (1|1) with a minimal divisor F of degree n R , and a locally free subsheaf D ⊆ T X/T such that the supercommutator of vector fields gives an isomorphism
As in the unpunctured case, if T = Spec C, then Σ is locally isomorphic to C 1|1 and may be described by a set of coordinates (z, θ). For a suitable choice of such coordinates, the superconformal structure D is generated by the vector field
The integrability condition in 4 then rewrites as
As before, this D θ is the unique superconformal structure on C 1|1 with n R Ramond punctures. A family of super Riemann surfaces Σ with n R Ramond punctures over a superscheme T may be viewed as a triple (X → T, D, F ) consisting of a family of supercurves X → T , a superconformal structure D, and a Ramond divisor F . A family of supercurves is a smooth, proper morphism π : X → T of complex analytic supermanifolds of relative dimension (1|1).
We want to point out that a super Riemann surface with Ramond punctures is not an honest super Riemann surface. Even calling Ramond puncturespunctures-is a misnomer: Instead, they are divisors of codimension (1|0). Note, that the natural correspondence between divisors and punctures on ordinary curves holds only for supercurves equipped with a (non-degenerate) superconformal structure [Man88] .
Neveu-Schwarz (NS) punctures are entirely analogous to the marked points from the ordinary moduli theory of curves. If Σ is a super Riemann surface over T , then NS punctures correspond to a choice of n N S sections s i : T → X. This means that, unlike Ramond punctures, NS punctures can be added to a super Riemann surface by specifying marked points (z 0 , θ 0 ) on X. In particular, they can be added to any previously constructed supermoduli space by such a specification on the universal curve. For the sake of brevity, we, therefore, set n N S = 0 in our given construction of M 0,nR .
We will often invoke a geometric property of supermanifolds called splitness. A supermanifold X is said to be split if and only if it takes the form of a fiber bundle over its reduced space X red , see [Man13] for a precise definition of this important property. Any smooth supermanifold is split [Man13] , and any dimension (m|1) complex analytic supermanifold is split [Man13] . In particular, families of punctured super Riemann surfaces over ordinary schemes are split.
The automorphisms of a super Rieman surface Σ with n R Ramond punctures over T is described via its sheaf of superconformal vector fields A. On a super Riemann surface with n R = 0 Ramond punctures, we find that
as sheaves of super vector spaces. If n R > 0, then
as a sheaves of super vector spaces. If T = Spec C and if n R ≥ 4, we find that H 0 (X, A) = (0), and so we may utilize the Kodaira-Spencer isomorphism to find that dim M g,nR = 3g − 3 + n R |2g − 2 + n R /2.
If we further add n N S NS punctures, we find that dim M g,nR+nNS = 3g − 3 + n R + n N S |2g − 2 + n R /2 + n N S .
3 Moduli of genus zero supercurves
In this section, we consider the moduli theory of genus zero supercurves. We denote supercurves by X, unless we are considering the supercurve underlying a super Riemann surface, in which case we use the notation X. 
From the gluing construction of WP 1|1 (1, 1|m), we easily see that WP 1|1 (1, 1|m) is split. We use this observation to prove the next lemma.
Lemma 3.1. Every compact, genus zero supercurve X over C is isomorphic to the total space of the rank 0|1 vector bundle ΠO(m), for some m, over P 1 , and thereby also isomorphic to WP 1|1 (1, 1|m).
Proof. The reduction X red of a supercurve X is an ordinary curve of genus zero and so X red ∼ = P 1 . Since X is of dimension 1|1, it is split and therefore isomorphic to the total space of a (parity reversed) line bundle ΠO(m) on P 1 . This means that there exists m ∈ Z such that X ∼ = Spec(S(ΠO(−m))), where S denotes the supersymmetric algebra. It then follows from the gluing description of WP 1|1 (1, 1|m) that X ∼ = Spec(S(ΠO(−m))) ∼ = WP 1|1 (1, 1|m).
Set m 0 to denote the coarse moduli space of genus zero supercurves. From Lemma 3.1, we can see that the topological space of m 0 is isomorphic to Z, stratified according to the grading m on the odd coordinate θ. Let c m denote the connected component of m 0 whose closed point represents WP 1|1 (1, 1|m).
Proof.Čech cohomology.
Notably, WP 1|1 (1, 1|m) for m < 1 and m > 3 is not rigid, but in fact will have odd moduli. Compare this to the moduli theory of ordinary genus zero curves in which all curves are isomorphic to P 1 and P 1 is rigid.
, E. Witten observes that the supercurve underlying a family of genus zero super Riemann surfaces with n R Ramond punctures over Spec C is isomorphic to WP 1|1 (1, 1|1 − n R /2). In this section, we consider the automorphism group of the weighted superprojective space WP 1|1 (1, 1|1 − n/2), as this group will play an important role in our construction of M 0,nR . To find the supergroup scheme representing the automorphism group of WP 1|1 (1, 1|1 − n/2) we utilize the methods of the proof that Aut(P n ) ∼ = P GL(n + 1), see [MFK94] .
Automorphisms of ordinary weighted projective space were first considered in [Amr89] . The automorphism groups of superprojective spaces as supergroup schemes are described in [FK15] , and their Picard groups in [CN18] . Therefore, in addition to its role in our moduli problem, the automorphism group of WP 1|1 (1, 1|1 − n/2) holds mathematical interest in its own right, as it extends known result about projective and superprojective spaces to include weighted superprojective space.
Let T be an affine superscheme over Spec C and define the functor Γ * to assign to an affine superscheme T the group Γ *
Let η be an odd coordinate, then G 0|1 a = Spec C[η]. Unlike the dual numbers, the odd dual numbers Spec C[η] have a group structure, see for example [Man14; DEFS99] . G m denotes the ordinary multiplicative group.
with multiplication defined by
where the coefficients are coming from T . We can see that the group Γ(X × T, O * ) is isomorphic to the T -points of the supergroup scheme
The functorality of this isomorphism is easily checked, and so we find that
We will see in Theorem 5.5, that the group Γ * is the group of automorphisms of line bundles on WP 1|1 (1, 1|1 − n/2).
Consider the Z-graded supercommutative algebra S = C[u, v | θ] with the Z-grading defined by |u| = |v| = 1 and |θ| = 1 − n/2, so that Proj(S) = WP 1|1 (1, 1 | 1 − n/2). Let Aut S denote the functor sending a supercommutative algebra R to the group Aut S (R) of R-'linear' automorphisms of the Z-graded supercommutative R-algebra S ⊗ R. Proof. Let R be a supercommutative algebra over C. The underlying set of Aut S (R) is comprised of automorphisms sending
where ad − bc = 0. It is immediate from the above description that as a setvalued functor Aut S is represented by the distinguished open subset D(ad − bc) of the affine super variety.
Spec C[a, b, c, d, e, e −1 | α 0 , · · · , α n/2 , β 0 , · · · , β n/2 ].
A Hopf superalgebra structure on D(ad−bc) can then be described explicitly by composition of the automorphisms given by Equations (20)-(22). Therefore, Aut S is a supergroup scheme, denoted by Aut S , isomorphic to D(ad − bc).
The prove of Theorem 5.5, we need to know the Picard group of WP 1|1 (1, 1|1− n/2).
Proof. Since H 1 (WP 1|1 (1, 1|1 − n/2), O) = (0), we can simply use the exponential sequence
to find that Pic(WP 1|1 (1, 1|1 − n/2)) ∼ = Z.
Let Aut WP 1|1 (1,1 | 1−n/2) denote the functor sending an affine superscheme T over C to the group of automorphisms Aut WP 1|1 (1,1 | 1−n/2) (T ) of WP 1|1 (1, 1 | 1 − n/2) × T over T .
Theorem 4.4. We have an isomorphism of supergroup schemes
In particular, Aut WP 1|1 (1,1|1−n/2) is a supergroup scheme.
Proof. The general strategy of the proof will follow that of the proof that Aut(P n ) ∼ = PGL(n + 1), in [MFK94] .
Let T = Spec R be an affine superscheme over C and let X T = WP 1|1 (1, 1|1− n R /2) × T and consider the diagram
Recall from 4.3 that every rank 1|0 line bundle on X T is isomorphic to p * 1 (O(k))⊗ p * 2 (L) where L is a rank 1|0 line bundle on T . Let φ be an automorphism of X T over T . Then φ induces an isomorphism of rank 1|0 line bundles on X T ,
Furthermore,
Then, since
we must have that
Let m = 1 − n/2, then by the above isomorphism we have that
But such an isomorphism is the product of an isomorphism given by the top two quadrants of an (2|n R /2 + 1) × (2|n R /2 + 1) super matrix of sections of α ij of O T together with an isomorphism O T → L. If we write this out in global coordinates, we see that that any such isomorphism is an automorphism ϕ of S ⊗ R over R. Thus there exists a surjection of groups Aut S (R) → Aut X (T ) sending ϕ → φ. This mapping is by no means unique since the group of isomorphism in is unique only up to automorphisms of O T , that is, up to the action of (Γ * )(T ) on O T . Note that the action of the above group on O T is just multiplication by elements of the multiplicative group Γ(T, O * ).
The group (Γ * )(T ) acts on Aut S (R) as follows: Let λ ∈ (Γ * )(T ), then
Set λ = r 0 (1 + θ n/2−1 i=0 β i v i u n/2−1−i ) with coefficients coming from R. The identity morphism on X T corresponds to the automorphisms in Aut S (R) sending
Therefore, we may embed (Γ * )(T ) as the subgroup of Aut S (R) corresponding to the mappings given in 34-36.
This gives a short exact sequence of groups
Let Aut S /Γ * denote its sheafification. We then have isomorphism of groups Aut X (T ) with (Aut X /Γ * ) (T ) for all affine superschemes T over C. Therefore, Aut X is representable and isomorphic to the supergroup scheme Aut S /Γ * .
Construction of M 0,n R
The general strategy we use to construct M 0,nR is that of deformation theory.
Our main sources are [FGI05; Ser07; Har09; Chr15]. Crucial to our construction will be the following observation about families over superschemes: Let X be any family of objects over a superscheme T and recall that T red = T /J T , where J T is the sheaf of odd nilpotents on T . Then T is a odd thickening of T red , and so X may be treated as a deformation of X × T red over T . In particular, any supermoduli problem for which the underlying reduced space is already known, becomes a problem concerning deformations of the reduced space. TThe first step in our construction of M 0,nR is, therefore, a description of families of genus zero super Riemann surfaces with n R Ramond punctures over ordinary schemes.
5.1

Families of genus zero super Riemann surfaces with Ramond punctures over ordinary schemes
In this section we set T to be an ordinary affine scheme over Proof. Consider the short exact sequence,
and the reduction of its dual,
Since X red ∼ = P 1 , we have that
Since X is split, and since J red ∼ = O P 1 (n R /2 − 1), X is isomorphic to the total space of the line bundle ΠO P 1 (n R /2 − 1). A way in which to express this total space is via the relative Spec construction. This means that X is isomorphic to Spec(SΠ(O(n R /2 − 1))) ∼ = WP 1|1 (1, 1|1 − n/2). Recall that, Pic(WP 1|1 (1, 1|1 − n R /2)) ∼ = Z. This implies that the rank 1|0 line bundles on WP 1|1 (1, 1|1 − n R /2) are pullbacks of line bundles on P 1 of the same degree. Therefore, D ⊥ ∼ = O(−2).
Next, we generalize Theorem 5.1 to include families of genus zero super Riemann surfaces with n R Ramond punctures over ordinary schemes. Proof. The reduction of Σ, Σ red = (X red → T, D ⊥ red , F red ) is a family of n R punctured genus zero curves over T . It is a known result in the ordinary moduli theory of genus zero curves, that any family of n R punctured genus zero curves is trivial for n R ≥ 3, i.e X red ∼ = P 1 × T , see [Har09] .
Since X is split, it is the total space of a line bundle over P 1 × T . Using the method of the proof of Theorem 5.1, this implies that X ∼ = WP 1|1 (1, 1|1 − n R /2) × T .
To prove that D ⊥ ∼ = O(−2), we first show that
We then utilize the proof of Theorem 5.1, to show that D ⊥ red ∼ = O(−2), where O(−2) refers to the line bundle on P 1 × T . Then, since Pic(WP 1|1 (1, 1|1 − n R /2) × T ) ∼ = Pic(P 1 × T ), we must have that D ⊥ is isomorphic to the pullback of O(−2) by the projection p 1 : 2) ).
Theorem 5.2 implies that any family of genus zero super Riemann surfaces with n R Ramond punctures over an ordinary scheme is the pullback of WP 1|1 (1, 1|1−n R /2) and a superconformal structure D ⊥ ∼ = O(−2) on WP 1|1 (1, 1|1− n R /2). The latter condition means that superconformal structures on WP 1|1 (1, 1|1− n R /2)×T correspond to global section of Ω 1 (2), and so we can turn WP 1|1 (1, 1|1− n R /2) × T into a super Riemann surface with n R Ramond punctures by specifying a global section of Ω 1 (2). This correspondence is stated in [Wit12a] for the case of a single super Riemann surface with Ramoond punctures, here we have generalized it to inlcude families over ordinary schemes.
Construction of M 0,n R
In this section, we set R to be a supercommutative algebra over C, T = Spec R, and X to denote WP 1|1 (1, 1|1 − n R /2). The first result of this section will be to describe any family of genus zero super Riemann surfaces with n R Ramond punctures over T as a deformations of its pullback to T red . To do this, we first give a precise definition of a deformation of genus zero super Riemann surfaces with n R Ramond punctures.
Definition 4. A deformation of Σ 0 = (X × T red , O(−2), F 0 ) over T is a family of genus zero super Riemann surfaces with n R Ramond punctures Σ = (X → T, D ⊥ , F , i, v), such that 1. i : X × T red → X is a closed immersion such that i × T red : X × T red → X × T red is an isomorphism and such that,
is an isomorphism of rank 1|0 line bundles on X × T red . Proof. Since Σ × T red is a family over an ordinary scheme T red , there exist isomorphisms ϕ : X × T red → X × T red and v 0 : D ⊥ ⊗ T red → O(−2). By fixing these isomorphisms, we have fixed a closed immersion i :
This is clearly a divisor on X × T red for which i| F0 : F 0 → F is a closed immersion.
Lemma 5.4. The automorphism group of genus zero super Riemann surfaces with n R ≥ 4 over Spec C is finite.
Proof. UsingČech cohomology, we find that H 0 (WP 1|1 (1, 1|1 − n R /2), A) = (0) and so the automorphism group of WP 1|1 (1, 1|1 − n R /2) preserving the superconformal structures is finite.
We actually know slightly more than what is stated in Lemma 5.4. Automorphisms of super Riemann surfaces with n R ≥ 4 Ramond punctures must act as the identity on its reduction, i.e the projective line with n R ≥ 4 punctures. Therefore, any nontrivial automorphism must act nontrivially only on the odd coordinate, θ. The only automorphism of WP 1|1 (1, 1|1−n R /2) acting in this way is the so-called canonical automorphism Γ, whose action on WP 1|1 (1, 1|1 − n R /2) is described on coordinates by sending z → z, w → w and ζ → −ζ, ξ → −ξ. It generates the group Z/2Z.
In Section 3, we found that the connected component c m of m 0 whose closed point represents WP 1|1 (1, 1|m) has dimension,
Applying this result to WP 1|1 (1, 1|1−n R /2), we see that WP 1|1 (1, 1|1−n R /2) has n R /2 − 2 odd moduli, which is exactly the number of odd moduli missing from Witten's earlier investigation of M 0,nR in [Wit12a] . This hints at the existence of a versal family of supercurves underlying genus zero super Riemann surfaces with n R Ramond punctures such that the superconformal structures supported on this family of supercurves would account for the n R − 3 even moduli of M 0,nR determined by Witten in [Wit12a] .
For the remainder of this section, set A = C[η 1 , · · · , η nR/2−2 ] and S = Spec A. We define Z π → S to be the genus zero supercurve glued from the charts U = Spec A[ 
where r jα ∈ R red . Define f : T → S to be the morphism sending
The pullback by f of the transition function 45 is the transition function 48.
Since 48 uniquely identifies the isomorphism class [X] ∈ H 1 (X, J ⊗ T X ) to which X belong. Therefore, the Kodaira-Spencer class κ(Z × S T ) of Z × S T is equal to the Kodaira-Spencer class κ(X) of X. Therefore, Z × S T ∼ = X.
The morphism in Theorem 5.5 is not unique because WP 1|1 (1, 1|1 − n R /2) × T red has a finite group of automorphisms which preserve the superconformal structure, namely Z/2Z. Conceptually, this means the following: Suppose that ρ : Σ ∼ − → Σ ′ is an isomorphism of families of genus zero super Rieamnn surfaces with n R ≥ 4 Ramond punctures over T , then the restriction of ρ| Σ0 is either the identity morphism on WP 1|1 (1, 1|1−n R /2)×T red , or the canonical automorphism Γ WP 1|1 (1,1|1−nR/2) . In the latter case, the two families are isomorphic but as their isomorphism does not restrict to the identity, they are not isomorphic as deformations. This means that the set of isomorphism classes of families of genus zero super Riemann surface with n R ≥ 4 Ramond punctures is not equal to the set of isomorphism classes of deformations, and therefore the morphism T → S is not unique. Proof. Since the pullback preserve short exact sequences, the degenerate SUSY structures D ⊥ on Z × S T must pull back to degenerate SUSY structures on X × T red . In particular, this means that D ⊥ × T red ∼ = O(−2).
UsingČech cohomology, we find that, locally, in a coordinate chart U (z, ζ) on Z, global sections of Ω 1 Z/S (2) are of the form,
where the coefficients are taken from the base S. The total space of π * Ω 1 Z/S (2) over S, is given by π : Spec(π * Ω 1 Z/S (2)) → S.
Compose π with the morphism S → Spec C, so that
is a superscheme over Spec C. Define W ⊂ C * × C nR+1|nR+2 × S to be the loci on which the commutator D 2 ∼ = (T /D)(−F ) fails to be an isomorphism and where the the reduction F red of the Ramond divisor F has no multiplicities, and where the fist coordinate is invertible. Here W ⊂ C * × C nR+1|nR+2 × S is open since it is described by a set of open conditions. The correspondence between superconformal structures on X and global sections of Ω 1 Z×S T /T (2) is unique only up to the action of the group of global section O * Z×S T /T and Aut Z/S (T ). We apply Lemma 4.1 and find that the first group is represented by the family of supergroup schemes Γ * × S over S. Therefore, ∼ M 0,nR ∼ = (W/Γ * × S)/ Aut Z/S .
A short computation shows that the group Γ * × S acts freely on W . The equivalence classes of the quotient correspond to the global 1-forms
The group Aut Z/S act on the global sections of the cotangent sheaf Ω 1 Z/S (2) via pullback by the differential map. This defines an action of Aut Z/S on W/Γ * × S. Recall, that Z/2Z is a subgroup of Aut Z/S , which act on the coefficients b i and β i in 57 by sending b i → b i and β i → −β i . In particular, the action of Z/2Z on W/Γ * × S is not free. Conceptually, this means that a superconformal structure corresponding by the 1-form
is equivalent to the superconformal structure corresponding to the 1-form
In other words, either choice of 1-form will give rise to the same super Riemann surfaces with n R ≥ 4 Ramond punctures.
Since Z/2Z is a finite group, ∼ M 0,nR is a Deligne-Mumford superstack of dimension n R − 3|n R /2 − 2.
